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losa. squarec estimstorrs are comtrunted Zor e slopws, “ ad 33,
LaR. ceple, N and U,y A poInt I Aintersection, X®, of two atraight lines.
In cons.Juctiug the v¢' sators the residusl sum of squares, S%, i mimtwised
in three stages, bWe assupe thet X <X2< "’(A are indepsndent variadles with

the corresponding dependent variables Y "-,!n related to the xl't by

2 v ;e -+
!Yi .aiwlfsi il X‘SX

AP X, 1 X, 2 X"

are Inund %o satisiy

2{z)

~ ~ ~ ~
S'(ai,ag,al,aa,x*) =  min inf inf | I (x,-n-8x,)2
1=1,°0%50el X, <2<, @ ,%0%,8, jul

The lesst squares cstim.crs ..2, “1' ae, X*

n

too o (em8yi,)?]

=iz )4-1

where J(z) = lergest integer J such tbtat XJ<z.
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1. st sTaard appliseticis o We oethod of least squares, the estimators
Fleooh mint (1s the rei'd Al aim of gquares are easily compuled e sclutions of a
%t .0 simaltanecus lioear cgus.ioms. Tihde 5 not the cease wien conswucting
estirators for +he slepes, intercerts and point of intersection of twe intersect-
irg lines., DMe purpese .2 this lote 15 tc exhibit the somevhat more complicated
ninloizetion procedure vhich zust be .sed in *his case, The resulits below are
~vidently rot new, though the mutior has beern unable to find a discussisn < thic
particular problem in the literature,

Re Eo Quandt {1y57 and 1960) discusses s similar estimation problem in which
e twe resrasszion ilaes ece not reguired to intersect sas well as tests {aseuming
that the deviations froo regressior are normelly distoibuted) of the hypothesis
ihat the twn regrecsion lines are, in fect, the same. E. 5. Page (1955 and 1957)
discusces 8 ncn-pacametric test of this hypothesis.

The problem wgder consideraticn here is as follows: Suppose Xl«c' :&'2< taec] Xn
are & set of indepor’ant variables and Yl,u- ’Yn corresponding chence variubles
related to the Xi's by

EYi=al+5

X, 1£ X, <X

8K, if X, 2%-

where 81,452 and x*z(al-a?_)/ (se-el). We wish to compute least squares estimators

~ A ~ A
22‘ M %ps 51’ S?_ and X, i.e., we wish tc find those nurbers al, a2’ Bl, B2 and
¥ aush chat

- ~ ~ \
(AE\ (Yi'aa'ﬁ’):{* 32
=i 4l ==

vhere J(X* ) = the largest integer J such thet )’.J _<_% “is a minimumw. Note that we

cannct simply defferentiate with -espect to the five parameters since 22 1a pot

a differentiable function of X,

~Reseavcn suppcrted by the Officze of Naval Recearch, Project No. MR Ok2-212,
Corntract No. Nonr-401(3%). Reprodaction in vhoie or in part is permitted for
eny prurpose of the United states Govermment,

Bicmetrics Upit, Plant Froeding Departwment, “ornell University.




3% s minimicad {o clree ctages as follcws. uppesc fisst that /- L knowe,
-~ ~
-v cupite lesst sqQuarc.s 2:tUitalors O ine reme.ning pearazeters, sey :i aé, N
N . 'A » -~
and £§, 5% is minitzed sunject o the restriction thav (&i-&‘é;/ga,;-ﬁi)ex'". o
.. 28 - " P
&0 this - : ditferentiste "+ by < (6,2 JC " Jwith respect te o, %, £, B,

and M\ 2ad equats ¢~ zerve 7This results in the equavions

(1)

¥
(5)

where J=J{%"). Eguatiops (1),**+,(5) are read.ly solved, yiziding the estimat-rs

o

(6) Br = ot %[Z&i‘ylt‘((;’l’;g)(23-47’) J [oxBek (=2 12 )

20 K (7 (X IR X9 Rk 9

-2 4 S oo M K - . o
B j ey #K(Ga-y, ) (5% )] [234k(R, -2 %)
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L (2%, )(¥,5,)

=1

eti,, amd

D = [ovder(x 0 Rduk (R -x 3 b [ (x, x5 (R,-%-)) 2

Using the estimators of ejuetions (§),s+¢,(9) we find +tue minimum rcsidual sum o

squares given X+ to be

52 Y 2,2

Vet = ..Ul ....,2

= {K o (5, ) (2B) Thy (Ry 1 ) (3 'llamiraf
+b B0, 2542 Dby () -X) b,y (X5 ) I (F, ¥
«(F-5,025 # {0 202y
LG, ()]

= Gy3eEy3-0, (X ¥)/Q (X )

whers @; and @, are cuadratic functisns of 1™
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The second step in thLe minimization procedure 1s to suppose that J is known,

that iz, that it is knowm only .hat xJ<x*< Xy,1» and to find the leest squares

-,
estimavor of X, say € t, under this restricvicn. Tbus we must find X' satisfying

A
S2(xr) = AL 53(z)
XJ<Z <J+1

r.. =2 o

= inf u.yi+z.y§-Q,1(z)/Qa(2)]

XJ< z<XJ+1

—Zy2+ vz- sup £Q1(2)/ (2}]

X <z<XJl

N,
In ¢rder to determine {~¥, we proceed as follows. Vrite

Q (z) = r, z+s A

he ratio Ql(z)/o,’..(z) as a function of ze{-cc,00). Note that

a Ql(z) (r222+522+t2)(2r z-‘-sl,-\rlz +slz+t Y(er z+s°)

(20) az 6,,:_(2-5 - ryz2s,27t, 3=

is satisfied at ¥ oo and at the two rcots, say zy and z,, of the equetion

(rl o s-r2)72+2(r11‘2- 8T )z+(slt2-t.. =0 .

since Q,a(z) S0 fer all z,

alamre s
~SLLLANLOS ToCTE &I

the rosts * oo are asymptotes of the crve Ql/Q,a.

ba

. = 1
1 ba-b

2 bzx-
1

=1 fe ?\"l hpd 2 232
1 D) }[(blllev/ /..Y b, X \/Z...e/}:x )2

no= . o= - - - = -" 32




- B () M2 25) ™ Koy (BTG w0, [23/ED)

: i [(EX%)'J-.Q.(BS)«].] {biiazxi(&g)-l+b§§1&§(zxi)_l

#b.1, (g4 (b 0, ) (75, )]

= e ‘l =l "l oo, 3
-z, (2=5) +x2\u:.§) ]{b1 \/).xi/zx;-l-be :\/‘“"‘g/&‘i]a §--z1 P

at one of vhich the ratio 1 a meximum and at the other of which it is e minimum,

(This Tollows from the Tact .at Q,_ and Q,a are both polynomials of even degree so

that the asymptotes at + co and ~ 0 sre identical. Hence Q,/Q‘ caanot have local
ma.xima_ ab ‘c'>'oth Zy and 2,5y since otherwises there would exist ; p;int 23 with

z.l< 25<22 at which the curve would be a local minimum. But then {he-derivative

of O,_.L /QE would be zero at 25 contradicting the fact that 23 and z, are the only
finite roots of equation (10). Similarly Ql,/Qe cannct have local minima et both

z, end z_.)

To determine whether Sa(zl) or 5%(z,) is the minimum sum of squares, note
that

Lim
PR
> O

sc that the value of 5%(z) at whe asymptotes is

Z.xg - Z‘;{i
+Kb T2 +2h'b1b2

2
Kb 153

*3%E

X5

But the reduction in sum of squares at 2 is

2 S 2 4T 2
(2x,7;) , (Fx,¥,) . (Zx,7,+8x,5Y5)
X x5 BTG




Tras for fized J, $2(z) is a minimm in (-o0,00) &t 22,
Hence ‘-:y the natwe of the curve Ql(z)/Q,,(z), if consideration is resiricted
to ze(¥ ., ) , tren S2(z) takes on its minimm value at z= (yl-b x -:;'2+b2§2)/ (b2°bl)

if this point is in the inferval (xJ,}'J+1) and at either X or X, . if wot, i:e.,
uTl

¥, 1’V2"b2"2) . ¥y Dy Xy Y #Do%n X
B,5, 3 ENE NS 1

. inf  52(z)=83(
- AJ<Z<XJ+1

— 2 &
= min [8 (x5),8 X5,) ] otherwise.

° The finel stap in *the minimizetion rrocedurz is to let J vary and minimize

orer the intervals (XT’X This winimization must be over J=l,ess,n-!, the

J+
velues 1 and {a-1) being includsd %o *akc into conside the possibility

that ¥'< Xy or X*>X (Lx which case estimators a.re obtained for onlr one of

the lines). Thus uhe lea.w squares estimators a dl, 52, )'(\"" satisfy
- J
T min inf inf [ (Y, -B.X, )3+ z (¥, 01,8 )2] )
=1 i 2711 3.:J+1 2X1

. <r X Py
l s J£ n-l J.J<A <XJ+1 al’ .,52 i

The ahcve results now enablie us to write the soclution in a relatively siuple
form. Denocte

- 19, - 3 2 .
N “1,&=3’13‘i”‘2,5‘3'-_.1,f1“1

- 19 . o

71,07 iYi R B Jil!i

i=2,***,n-l
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al’J = '1)J,bl J‘_h Jﬂ,...’n-l 1
Y. =
8 3, h
Z(X -xﬂ -)(l -v; J)
Jl
by g = J=1, 00,02
X, =X
J*E 2,d)
®,5 = Y2,5"%,5%,7 Jal,e0ene2
=Y
a2,n-1+b2,n-1 n ‘n ?
-~ - and
31 -
= sa(-lzi—AE&Q) if -=4=—;3&§ e [X;5X5,,]
s 57,” 2,37%1,5
. = min [g (AJ),D (XJ..Ll)] otherwise .

for J=2,¢¢*,n-2, wita

a o
- a2 2 r- b 2
2 = oY, )05, B{X-
- ! ¥2,1°%3,1 o i 2,1
: N~ .
! Sv\ = z YQ-y .b-| Z X —X )‘
. n=1 =1 + 1,n-1 i,n-1 =1 & 1,n-1

~

" ~ ~ ~
The solution is then those numbers al’ Q. ﬂl’ ﬁe, X¥ such that

AA A A . -
52 6,058,158, ) = min 8%

i=l, oo -’nol

(Note that both lines are estimated only ir

min Si = min Si .)
i=1,***,n~1 i=2,¢**,n-2




This procedure may ¢ “vrlied directly to compute least sguares estimators for
two intersecting polynomials {of the same or differing degree), two non-inter-
secting polynomials {Cf. Quendt, 1958). or, in fact, many interczecting or non-
intersecting polynamisls in any sart of coambinaticne. The coliculations required
in these races Yecome csuccessively more complex,

It has not been possible to determine the progerties of the ahcve estimstors
when all perometers are unknown, If the deviations from the true regression are
aseed to be normelly distributed with cammon variance a2, however, the above
least SquUarEs estiwalars are maximum iikelibood and the residual mean square is
the maximum likelihood estimator of 02. Though exact variances of the above
estimators have not been obtained, comditional variauces and covariances given
%% are easily computed since the estimators in the ccnditicnal case (given in
equations (6),***,(S)) are linear functions of Yy,°"",Y . Estimates of these
conditional varisnccs and covariances can be constructed fn the usual way using
the "pocied" residual sum of sguares miuimized above. One is tempted to use these
estinetes aiso in the unconditional case,
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